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Path Integral
Let's consider first a QM system withjust one degree offreedom
i e one pair ofconjugate variables Q R
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with Hamiltonian
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which allows us the define thefollowing 2 evolution Operator
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which is nothing but the time evolution operator for 72 i e e it

In the following we willneed the notion of
T ordering ordering in t atfixed at planetfixedordering
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Analogously to time evolved operators we

can define T evolved operators Ole from 0 0 P Q
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With their bra Ket eigenvectors obtainedby acting with UI
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and UCC respectively e g
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so that QI 19 e QU 19 90119 919,27 and so on

Let's consider Q eigenstates matrix elements at ordered times
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Let's rewrite this t evolution from Ti to Tf in several smallstepsEplene
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So that inserting N 1 times complete states
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we can express everything in terms of a smell T evolution repeated
serend times
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so that one needs only the infinitesimal transfer matrix Cg Its49,27
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so that neglecting 0 SE error for SZ DO
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Which inserted in 9 given by T ordered integrals gives
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tordered in with pie gel interpolating functions
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continuum limit 15K
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Tamplitude from 9 at ti to gf at Ey given by an integral
over all paths in phasespace p 9 with weightexp CH ipoi def

Remark everything has been done for arbitrary 1 0 th Etet

0 DO Euclidean Path integral

IT Minkowski Path integnel

We can simplify things by recalling thateach Pn entersquadratically in

the exponential in 4 2 providing a simple gaussian integral
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In our case in 1 A If B i9n 9h ReA august 20
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In 112 there are N such goussion integrals
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Comment The overall normalisation even if divergent willnotmatter in the
following see below

Remark
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Positive convergentfactor

Remark Both for Euclidean Mink is positivity of Energy
thatensures convergence factor Sminn along his smell
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Notation In thefollowing we call Slti 41 m v19 with

T te generic andjust 59121 the ti o o If to

Question Whatabout expectation values 49 5101114,014119 7

Answer justsplit the T evolution from Ti at first then
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Obviously with more Q insertions it's just thesame up to
moresplitting integrations as long as they are timeordered
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Vacuum Projection
The dependence on the boundary data gf and gi can be removed

by taking the laye time limits if to ti o o
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Exponentially
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EdRemenkthe large time limit alwaysprojects on groundstate to ofminimalenergy
as long as Ei Eo 0 strictly and Hi f one not orthogonalto E To

makethis argumentfully rigorousoneusually
needsfirsttowork atfinitevolumetoe

so that Espectrum is discreteand Ei E 0 indeed then take Ty E 00 first
followedby Vol to at the end
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assumed 0107 1 in 1231241

ifnotjustdivideby colosComments

Weassumed 50107 1 in 123 441 If wenttochange nometration dividebycold
Notice moreover that 107 is the ground statesystem we did nowhereany
perturbative expansion we justassumed thesystem wasgapped
One can even calculatethe ground state energy
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Moreover since rhs 5 neither depends on 91 9101 nor on 9591 01 we

can integrate over them to have a nicer looking expression withoutboundary

data fat dg 149 Jag with no restriction
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footemplimitofstatmech
comment if we set instead another equivalent since itdoes notdepend on it
withperiodic boundary condition g it and intoverq we

getthestatist mechanics expression as A DO Ensair Tale QHn éᵗ Are.tt JdfIfIi



151
Let's look at one important paradigmatic example

ID Harmonic Oscillator via Path Integral Euclid think
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what is the aptfunction so Total Qiu 107
To this end let's firstcalculate the functionalgenerator ZIJ
in Euclidean settings known as partition function functionalgenerator

ell diagrams inMink
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There are various ways to perform the calculations of215 bee

A Gaussian Integral again
the 49 is a Gaussian Integral of the type
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Thiscomesaboutjustfrom Eq is for singleGaussian int I Ixé
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L5pIwhere Denate Seele 22 22 is the A operator
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aptfunction QM ID Harmonic Oscillator

Comment In the discretizedform before taking the continuum limitwewouldhave
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where di is the lattice derivative di Siti i i i Δ

Incidentally The integration in 35 can be done explicitly vie residue th

is 1 252 0
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B Solving FreeEq ofnotion
Write the mostgeneral trajectory 9121 as 96kcalnotiont

extra denoted TK
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That is gallel makes linear variation vanishing
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Plugging 1370 into the peth integral andusing the linear terms in it venish by construction
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Continuation to Minkowski

How do we recover Mink aptfunction We need to send t it

keeping the ordering fixed a rigid
rotation of 0 from 0 it and

since Gend 4 12 Gender221 tier 914 22 Okit GKEY
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But it is actually instructive to get it also in another way



Let's stoutfrom the integral representation ofGene in 1351518

and let's rotate I e while rotating anticlockwise w w é

so that we are still taking the Fouriertransf
Δ IT e.io where
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Stiewith the usual ti e analytic structure afia
so thatagain one can do via residue th

Remark This is the same result wewouldobtainstarting directly inMink

whilekeeping the ie
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More Variables Qi Pi Fields

so far we havebeen using only one pair of conjugate variables QP
but nothing prevents us to generate to more Qi P with

47 Qi Qj 0 Pi P 0 Qi P Si

In particular we can workwith fields on the same footing e g discretting

space notonly time andtaking thecontinuum limit in both whichrequires adding

c t Let's take a practical approach and look at a the scalarfield

scalar Field via Path integral

The dynamical variables at a given time slice are the field itconjugate
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where the represents the label i for each d of fddpltl dblt.FI
6 α d HH

50 H forx It BE V6 fix It v4

SEE t.FI I I MtBY FltE a continuum collection
1 ofharmonic oscillators

of frequency a m ÑV M FT
Vigna representunharmoniccorrections
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Example free aptfunction
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Or more simply perhaps we have seen that free aptfunction
is nothing but the inverse of the Diff K.T operator Drink in

the lyrezien eq 491 Drink SIX d CSE m ie
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More generally for generic 0 the vacuum to vacuum correlatorread
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Again with A DO corresponding to send where itis basicallystatmech

end 0 0115 to Sminn obtainedthus from send with toitll ie

552 4017014 pl lokn fDoDexplifd4x L ie i 6141 hn
fBoDexplifd4x Ltieti



WIPERemarks

The 541155 do notrely on perturbation theory they are expressed in

terms of S full for L Lynn do notassume L Streethint Therefore

theycan be at thebase of nonperturbative lattice calculations

From 54 55 once one has calculated so t.o.to it's possible to

extractin principle non perturbative matrix elements via Lst reduction

sometime one absorbs the

bormeltetionJD0Jexp4islyintoD0jsothotJ
ojexpsisy.s do L

Functional Methods

Like for the harmonic oscillator it's useful to introduce the

functionalgenerator 255 with general s

156 2 J 0 expC S t J d bothinternal

shorthand notation for aspacetime

Remark it's a sort of 5.4 folx Jilxioix or jÉ
Functional Fourier Transform
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